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Abstract 

Working withing the framework of Hopf algebras, a random walk 
and the associated diffusion equation are constructed on a space that 
is algebraically described as the merging of the real line algebra with 
the anyonic line algebra. Technically this merged structure is a smash 
algebra, namely an algebra resulting by a braided tensoring of real 
with anyonic line algebras. The motivation of introducing the smash- 
ing results from the necessity of having non commuting increments 
in the random walk. Based on the observable-state duality provided 
by the underlying Hopf structure, the construction is cast into two 
dual forms: one using functionals determined by density probability 
functions and the other using the associated Markov transition oper- 
ator. The ensuing diffusion equation is shown to possess triangular 
matrix realization. The study is completed by the incorporation of 
Hamiltonian dynamics in the above random walk model, and by the 
construction of the dynamical equation obeyed by statistical moments 
of the problem for generic entangled density functions. 
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1 Introduction 



In recent years considerable amount of work has been devoted to generaliza- 
tion of concepts of random walks and diffusions to spaces described by alge- 
bras of functions or operators, see e.g the general reviews p4|,p2|,[p!9[],p^|. 
The mathematical framework mostly adopted for such generalizations is that 
of Hopf algebras of various kinds and their braided versions ([I], PSfl). Re- 
markably some of the basic features of random walks and diffusion prosseses, 
such as Markov property, convolution, statistical (in)depedence, diffusion as 
limit of random walk p(| , solution of diffusion equations by classes of moment 
polynomials (JT^! @) etc, have their analogue in the generalized framework. 
Especially the notion of statistical dependance of steps of a random walk, ex- 
pressed as the commutation property of increments of walk and the analogue 
of the central limit theorem have been extended from the commuting case 



TJJ, to anticommuting case of fermionic increments pOfl , to the g-deformed 
case (P5||, |T8|), to the case of free products (J^J, |27|]) as well as to case 
of supealgebras 0. A general approach to independence based on the co- 
product of coalgebras ||25|| , can be used to study random walks on braided 



structures (pTj, PH 



Braiding or smashing defined on algebras, colalgebras, bialgebras and 
Hopf algebras, has recently been systematized and a unification of the var- 
ious braiding notions has been given (0, ||). This compact formulation 
of smashing products has been used here to intruduce the so called smash 
line algebra Q = A® B, and to study non commutative random walk and 
the associated diffusion equation on it. In this present work we undertake 
a full investigation of the random walk defined on the space ensuing from 
the merging of the real line A with the anyonic line B [|21j] . Endowing the 
algebra of functions of this composite space Q with a smash product, results 
into smash line algebra. Due to smashing/braiding, the increments of the 
walk along the subspace of real line A are commuting, the increments along 
the subspace of the anyonic line B are g-commuting, while for random steps 
in the total space Q the increments are Q" commu ti n g- The outline of the 
paper has as follows. 

In section one, we start with the tensor product algebra of the real line 
and the anyonic line algebra and procceed to establish a mathematically con- 
sistent merging of these two in order to form a braided algebra i.e. a smash 
algebra. This tensor product algebra is also shown to posses a bialgebra 
structure whose n-fold coproduct will provides us with the notion of the n-th 
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step of random walk we shall consider. In closing the section we explain the 
need of introducing the braiding in that it leads, as it is shown, to a type 
of non commutativity among the steps of the random walk. In section two 
the diffusion limit of the random walk on the smash line algebra is obtained 
and the the associated difussion equation diffusion equationis studied as well 
as the moment generating function of the random variable of the walk. Sec- 
tion three is devoted to the non stationary random walk on the smash line 
algebra that expresses the dynamical coupling of the random motion with 
a general Hamiltonian dynamics. Towards a physical interpretation of the 
constructed random motion on the variables of the smash line algebra, sec- 
tion four provides a matrix representation of these variables and cast the 
diffusion equation in the form of a coupled spin-oscillator type of equation of 
motion, for which the solution is obtained in some special cases. Section five 
utilizing the state-observable duality built in the Hopf algebra structure of 
the random walk and gives a brief construction of the transition operator of 
the walk seen it as a markov proccess. In next section six, we study the ef- 
fect of the entanglement i.e statistical correlations between the partial walks 
of the x variable and the £ variable, expressed as the non factorizability of 
the probability density function ruling the random walk of the smash line 
algebra, and investigate, in the terms of the canonical and g-deformed ( for 
q root of unity) Heisenberg algebra, the structure of the ensuing equations 
of motion for the statistical moments in the diffusion limit. The last section 
summarized the rusults and concludes the paper. 



2 The smash line algebra 

Consider two real associative algebras A and B such that A = R[[x]] is the 
real line algebra, consisting of formal power series in one variable generated 
by the element x with {l,x,x 2 , . . . } as linear basis, and B = R[£]/£ N , the 
anyonic line algebra consisting of polynomials in one variable of degree N — 1, 
generated by the element £ with basis {1,£,£ 2 , . . . C^" 1 } and £ N = 0. Both 
these algebras are equipped with a Hopf algebra and a smash Hopf algebra 
structure which will be examined in turn. 

The algebra A = A(/ia, ^-Aj u Ai € a) is a commuting, cocommuting, and 
coassociative algebra with product, unit, coproduct, and counit respectively 
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defined as 

H A (x ®y) = xy, 
u A (c) = d A , 

A^(x) = x ® I A + I A ® x, (1) 

£ a( x ) = 0) an d £a(Ia) = 1 

for all x, y in A, c G R and -A4, being the identity element. Considering 
the trivial braiding or twist map r on A such that r(x ®y) — y ® x , V x, 
y G A, we can introduce a trivial smash Hopf algebra structure on A® A, 
denoted hereafter as A'= A T cxi r A, [0, f|] with smash product, unit, smash 
co-product and co-unit given respectively by 

VA' = (VA ® Am) ° (zgU ® t <8> id.*) , 
ua'(^) = I A' = Ia®Ia 
A A > = (id A ® t ® i<U) o (A^ <g> A^) (2) 

The smash product fi A > can easily be extented to an associative product 
on the n-fold tensor product A® n = A n = A® A® . . . ® A , {A being taken 
n times) given by 

AM« = (AM™- 1 ® Au) °fc=7 3 o(^S 2 "" 2 ' fc ® r ® id A k )- 

Then, with xi = I A ® ... ® x ®, .. ® I A , where x is in the i-th position in A n 
can be verified that the braiding relations 

x^Xj = XjXi for all z, ^ 

are satisfied. 

The algebra B = B^fig, u B , A B , eg) is an iV-potent, commuting, cocom- 
muting and coassociative algebra with product , coproduct, unit and counit 
respectively defined as 

AAb(£ ® r /) = 

« B (c) = c/ B , 

A B (0 = £ <8> Is + h ® f, 

e B (0 = 0,aude B (J B ) = 1 (3) 
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for all £, r] in £>, c G R and being the identity element. Let us consider 
this time the braiding or twist map if) on B such that 

^(£®77) = g77®£ V&qeiB (4) 

where iV— th root of unity. We can introduce a smash Hopf 

algebra structure on B (g> £>, denoted hereafter as £>'= <£L cxi^ £>, [| with 
smash product, unit, smash co-product and co-unit given respectively by 

^b 1 = {^b ® I^b) ° (ids <E> */> <8> ids) , 
«B'(1) = ^B' = ^b ® ^s, (5) 
A B / = (zd B <g> ^ g) o (A B (g> A B ), 

£B' = £b ® e B . 

The smash product \i B > can be extented to an associative product on the 
n-fold tensor product B® n = B n = B®B®...®B, (B being taken n times) 
given by 

fj>B n = (/iB"-i ® M °fc=T 3 o(idf n ~ 2 ~ k ® V ® idg). 

Then, with £j = ® ... ® .. ® > where £ is in the i-th position in £> n can 
be verified that the braiding relations 

6& = for * > J ■ ( 6 ) 

are satisfied as in [^jfl . 

The merging of .4 and i3 as = .4 <g> B , where x is embedded as x ® I a 
and £ as Ie®£, admits a bialgebra structure with product, unit, co-product, 
co-unit respectively given by 

A*n = (AM <£> A*b) ° ® r <g> id B ), 
«n(l) = In = ^ ® Ib, (7) 
= (ic^ ® r <g> ids) o (A^ ® A B ), 
e n = e A ® eg. 
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By means of the previous relations and the braiding map \I/:f2(g)fi— *• <g) Q 
defined by 

<g> £ m ® x ® £ n ) = q mn Q an+l3m (x f» X Q (8) 

for all a;, y G A and and all £, r\ G i3, Q G R and g = e 2m / N , we introduce a 
smash algebra hereafter denoted by Q' = Then \1/ can also be written 

as 

* = (id A g> <g> zd B ) o * s ) o (icU <g> ^ ® id B ), 
where id a ® ^ab ®id B is realized as 

(idU ® ® ids) fa" <8> C ® / ® C) = Q^ar" g>/ ® £ m ® £" 
and are realized as 

, a fi . a 

*A\ X ® X ) = X ® X , 



Fig. Diagramatic display of the braiding map 
The smash product and unit, are given respectively by 

/«fi' = On ® tki) ° ( id n ® * ® i<*n) , 
«iy(l) = ^' = ^®^n- ( 9 ) 

The following lemma jlj, which is easily verified, provides with the compati- 
bility between the above braiding map \I/ and the associative product . 



Lemma: Let Q = A ® B and the linear braiding map \I/:f2®fi-^fi®f2 
given in eq.(§). The algebra Q' = Q#^,Q is a smash product algebra which 
implies that the following relations hold: 

i) ^ is normal i.e 



n m -> Q® 2 : (I n <g> /x n ) o (* ® In) o (I n ®Hn® In) ° (In ® In ® 
= (^n ® In) o (I n <g> *) o (J n ® // n ® J n ) o <g> J n <g> J n ). 

The non commutativity of the algebra of increaments can explicitely be 



seen if we look at the simplest example of the one-step algebra of increament 
as follows: 

Define the one-step increments ui^, i, j — 1,2 as 



then it can be easily checked that the following relations hold: 

Un U12 = qQuJuuJn, = Q^u^2i, ^22^11 = gQ 2 ^n^22, 

6^12^21 = 9^21^12? ^21^22 = <lQ ^22^ 21, ^22^X2 = Q^X2^22- 

Note that the above choice for \l> reproduces the braiding of A and B 
algebras. The product /x n extends to an associative product on the n-fold 
tensor product Q n = Q® n , n > 2, by means of the relation 



®^ m ®/A®Is) = I a ®Ib®x ®i m 



ii) ^ satisfies the following realation: 



luxi = x ® ^ ® I A ® Ib, uj 12 = x ® I b ® Ia® £, 
^21 = I4 ® £ <S> £ <8> Is, uj 2 2 = Ia® Ib ® % ® £, 



Hn™ = (A*n»-i ® A*n) 



2n-3 
fc=l 




2n— 2— fc 



<g> * ® z<ig fc ) 



(10) 



and in this way provides the following braiding relations on f2 



X{Xj XjXi, Vi, J, Q£,j-Ei> fo^ ^ ^ Jj 



(11) 
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where the indices above indicate the position of the embeddings of x and £ 
in the respective spaces (e.g. £ 2 £i = {I a ® Ib ® I A® 0(1 A ®> £ ® I A ® Ib) — 
q(I A <S)£®Ia® Ib)(Ia ® h ® Ia ® = 

Finally using eqs. (fTlJTTD, we compute the n-th fold coproduct on x k ® 
G Q , fc G Z+ , / e {0, 1, AT - 1}, which is given by: 



E E 

H Mn=fc jiH hin=i 



«1 



3i 



I 



J n 



xx 



'1 (Vi ^1 



where AJ? = (A Q <g)ic^ ra )oA 



m— 1 



(id® ®A f7 )oA™- 1 , with 



(12) 



A! 



i\\...i r , 



while the g-binomial coefficient is defined as 



I 



3i 



3r 



\hW-\3nW- 



, where [l] t 



q'-l 



f, [l] q \ = [l] q [2] q ...[l] q . 



In the next chapter we will construct a stationary random walk on f2 and 
derive the difussion limit equation of motion. 



3 Diffusion equation on the smash line alge- 
bra 



Let : il 



C, be a linear normalized (4>q(1q) 



1) and positive semi- 
definite functional from O to C, which corresponds to probability denisty 
element p satisfying the following relations: 



Mf) =< f >4>n = / Pf =< 0n, f >, 



(13) 



where / = f(x, £) is a general element (observable) of Q. It is assumed that 
(p n lives in the dual space of Q, where the product is defined to be the usual 
convolution operation between probability density functions, by means of the 
following relations: 



C(/) 



(14) 
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where A n_1 = A^ _1 will be used thereafter. If eq.fll^D is interpreted as the 
state of probability function of the random walk after n steps, then we can 
evaluate the general state after an n-step walk. Consider a general observable 
element of Q such as 



N-l 



N-l 



f( x >t) = EE = E = E xkd ^ 



(15) 



z=o fceZj 



z=o 



fcez H 



where it should be understood , except if otherwise stated, that x k = (x <8> 
I B ) k = (x k ® Is) and = (I4 (g> £)* = (i^ ® £'). The last equations indicate 
that the observable f(x,£), can been seen either as an iV — 1-degree anyonic 
polynomial with real analytical function as coefficients (q(x)), or as a real 
analytic function with anyonically valued coefficients. In view of the matrix 
realization of the anyonic variables discussed below, these two alternatives 
of representing the general observable quantities of the random walk might 
help us to identify a physical model decribed by the smash algebra Q, as a 
model of interacting classical/boson system to a spin like system. Next using 
eqs. , we obtain the convolution 



«(/) 



E 

k,l€Z + i x 



E 



+i n =k ]i+...+Jn,=l 

x cf> n (x h ®e)...0 n (a: iB ®e 



3i 



J n 



Ckl 



(16) 



Note that althought <p n is linear functional the convoluted 0* n is a non-linear 
one. In order to evaluate the above quantity we can assume that 



PfiO,0 = P A ( X ) ® Pb(0- 
The density matrices /^(x), Pb(0 can be taken of the form 



(17) 



p A (x) = pi6(x - a) + (1 - pi)5(ic + a), 

/Ofl(O=P2^-0) + (1-^2)^ + 0), 



(18) 
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where as usual pi and p 2 are chosen probabilities and the anyonic delta func- 
tioninp B (0 is defined as 5(£-6) =E*= 1 and f 5(£ + 0)/(f) = 

This choice allows us to determine explicitly average values of the generating 
monomials of the algebra after n steps. Note that the value of the size of 
each random step in Q is considered in general to be a <g> 9 . For the random 
walk on the real line in Q we have that 



< x m >„ 



E 



E 

...+s„ 

E 

—+S n 

E 

...+s„ 

E 



si+...+s„=m 



si + ...+s n =m 



si+...+s„=m 



s 1 + ...+s n =m 



Si 



Si 



Si 



Si 



n=m 

m 



m 



m 



m 



m 

Si ■ ■ ■ s n 



(19) 



nr=i < x Sl >* A 

ILU(pia Sl + (l-pi)(-a) s <) 
nr =1 [ Pl e aD * ® e B + (1 - Vl )e~ aD * ® e B ] (x s < ® J fl ) 

nr =1 <M^) 



where Dj. = d/d x . 

With respect to random walks on the anyonic line in Q we have that: 



ri+...+r n =t 



E 

,+r 

E 

...+r 

E 

...+r 

E 



E 

ri + ...+r„=t 
t 

T\ ■ ■ ■ r. 



nr =1 < f ! > 



4>B 



n+...+r n =t 



n+...+r n =t 



t 



n+...+r n =t 



n 



nr =1 (P20 ri + (i-p 2 )(-0) n ) 

nr =1 ® pae^ + (1 - p 2 )e A ® e^] ^ (I A ® f 

nr =1 <MfO (20) 
nr=i < f 1 >s B 



where the derivative is defined in 



]> a * ^/(0 = Z fEf £l , and 
satisfies the g-Leibniz rule D^(fg) = (D^f)g + (L q f)D^g, where L g /(£) = 

/(?£)■ 
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Finally with respect to simultaneous random walks in both x, £ directions 
we obtain using eqs.( |19l , [20D : 



= E E 

il+.-+in=k j\ + -..+jn = l 

n 

xn^!/'")o ; iei 

s=l 







r . k . ) 


I 


V *1 ••• % n ) 


_ Jl ■■■ ]n _ 



(21) 
(22) 



where o,.(./-'~ jOcf^ , ..„.,..., 

Let us now compute the system after n steps and its limit as n — > oo . 
Using Taylor's expansion, for the form of as it can be easily read off from 
equations (|14|,19,20), and ([H]) we have that 



iff 



^ = {[e A + 2a( Pl - 1/2)D X + a 2 /2\D 2 X + ...] 
® [e B + 26(p 2 - 1/2)D { + 6> 2 /[2] ff !£>| + ...]") U=o,e=o • 

Following [p^, we make the following substitutions 



(23) 



2a(p! - 1/2) = 2% 2 - 1/2) = ^, 
n n 



a 2 /2 



^ «7P], 



n 



(24) 



Then we take the limit n — > oo with i, ci, C2, «i, «2 kept fixed and t = nd, d 
being the size of the step in time (which in the limit taken d— > as a does), 
to obtain the continue limit of random walk where the steps are viewed as 
steps in time. Thus we obtain: 



(citD x +a 1 tDl)tg,eB+£A®(c2tDt+a 2 tD 2 ) 



(25) 



where the limit (1 + z/n) n — > e z for n — > oo, has been used. The associated 
density can now be obtained by evaluating 



(5) 



p°°S(x, £), where <5(x, £) = 5(x — a) ® <S(£ 
10 



Then 



where 



(a— cit) 



p°°(a) = (47rait)- 1 e 

n °°fa\ aN-i-k {c 2 t) k -\a 2 /c 2 ) l [k] q \ 
Pb(0) = ^0 ^ _ — 



(26) 

(27) 
(28) 



To obtain the diffusion equation we take a generic / of the form flT5| ) and 
evaluate: 

J (dtffi)f = dtffitf) = ^{{ Cl D x + ai D 2 x + c 2 D^ + a 2 D\)f) 

= J p£( Cl D x + ai D 2 x + c 2 D^ + a 2 Dl)f (29) 
= J ({- Cl D x + a x Dl + c 2 Dl + a 2 Df)p°°)f, 



where we have used the definition of D* 



-D^Lg-i, L q - 



being such that 

L ? -i/(£) = /(g -1 ^)- Then eq. (p9|) leads to the desired diffusion equation: 
dtPn = {(-ciD x + ai D 2 x ) ® zd B + ^ ® (c 2 L>| + a 2 £>f (30) 



whose solution is given in eqs. (p6|j27| , [28|) . 

Before closing this chapter we will quote the generating function of the 
statistical moments of the two random variables, which are: 



G(k u k 2 ) =< e 

mi>o m2=0 

Then we can obtain the moments as: 

d 



(th) m i (ik 2 ) m * 



mil 



-G{Kk 2 )\ kl , 



m 2 l 



--< x l >, 



{l/i)D qM G(k u k 2 )\ kl=k2= Q =< £ > (j) , 

(i/i i )D i qM G(k u k 2 ) lki=k2=0 =< e 

where D qM f{k 2 ) = the g-deformed derivative]!] 



(31) 
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4 Non stationary random walk 



Consider now the Hamiltonian evolution of a quantity F = F(x,p,^,p^), 
depending in general on the phase space variables x, p and £, p^ dermined 
by the following Poisson brackets 



_ dF dH dF dH e dF dH OF OH 

dx dp dp dx <9f dp^ dp^ <9f H 

= V*(F)+V*(F), (32) 

where we have assumed that f 2 = 0. The parity degree of F, deg(F) = e takes 
values e = 0, 1 to account of the even or odd chracter of F respectively. The 
form and action of the operators V£ = f-f- - f-§-, V% =(-l) £ (f + 



dp dx dx dp'' H \ / V Qj^ Qp^ 

^■^), can be read off from the above equation. We can thus defined, using 
t as a time parameter, the action of an evolution operator e tVu on xq , by 
e tVa xo = x t , and on f by e tVH £o = ft where x t and f t are the values of the 
observables at time t . We shall now proceed to calculate moments after one 
step walk in Q, 4>{x\ ® ^), where k e Z + ,1 — 0,1, using the probability 
densities for time t — 0, given as pl(x ) = p\5(x — a) + (1 — pi)5(x + a), 
Po(£o) — P2HC0 — 9) + (1 — P2)S(£,o + 0), while the delta functions for the 
f variables are as defined previously. Moreover we shall again assume that 
Po{xq, £o) = Po( x o)®Po(^o)- The reason for these choices will become apparent 
bellow. Thus, 

<j>(x t <g> &) =< po, e tv "x <g> e tv "£ > 

=< e- tv »pl,x Q >< e~ tv »pl,£ >= p\x t )p 2 (i t ) 
= AM (33) 
Direct evaluation of p\ and p\ gives 

dH dH 

pl(x ) = Pi5(x - t— - a) + (1 - pi)S(x - t— + a) 

= pi5(x — tX — a) + (1 — pi)S(x — t\ + a), (34) 

dH dH 

Pt(to) = P2*(& -t < j--6) + (l- p 2 )5(£ -t^- + 6) (35) 

°P£ °P£ 

= p 2 % -tx-e) + (i- p 2 )s^ -tx + e). (36) 
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where A = ^ and A = — and thus, using eqs.(|T^,^) we finally have 



<fi(x t ® i t ) = [( Pl e atU *° ® e B + (1 - Pi)e a *^o ® e B ) 

x (£4 ® p 2 e etD «o + (l-p 2 )e A ® e^ D «o)] Uoitb=0 (x <g> f ) 

= e - A ^ a e-^^Vt=o(xo ® 6) (37) 
= 0t(z o ® Co) 

where we have set a t = a — tX , a' t = —a — tX, 9 t = 9 — tX and 9' t = 
—9 — tX . Evaluation of 4>(f) for a generic / of the form given above can be 
straightforwardly calculated using eq. (|37|) . To derive the continue limit we 
proceed as before. By Taylor's expansion of (fit and taking (fi'f 1 we have 

^ = [e a + (2a(p! - 1/2) - tX)D x ® e B + 
a 2 ftA) 2 

(y + i y- + atA - 2 Pl taX)D 2 x ®e B + ...]" 

x [e n + e A ® (29(p 2 - 1/2) - tX)D^ + 

(tA) 2 
2 ' 2 

As before we are making the following substitutuions 



e A ® (— + ^ + fltA - 2p 2 t9X)D 2 + ...]". (38) 



cit dit a 2 ait 

2a( Pl - 1/2) = U = A-, - = — , 

2^-1/2) = ^ = ^ = ^, (39) 
n n 2 n 

where di, e^, real constants. Here .D 2 = and thus the last of eq. fl3"9]) is not 
needed. Taking the limit n — > oo as before we obtain for a generic function 



|a>,€=0 



= (e**/),.,^ = / P°°/=<^/>- (40) 
The diffusion equation is immediately implied from the fact that: 

< Bar, f f Barf - =<r, k S >=< *v, f > 
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giving 



dp c 



at 



[— C\D X <g> ids + a iDl ® ids + i^A ® C 2-Df 



9H r, -J -J < dH 

+ ® «a B - id A <g> (-Tr- 

ap 



(41) 



where .D* is defined by D* = —D^L q -i ( L q -if(£) = f(q x £) for any anyonic 
function /(£) ) and where we have set d\ = d 2 = 1. It should be pointed 



out though that we can express eqs. (p0| , f41|) using the finite dimensional 
representation of £, -Dg as we shall see in the next section. 



5 Matrix realization of random walk and dif- 
fusion 

We will now implement the N -dimentional matrix representations of £, D^, 
D* as they have explicitely been constructed in [^3| . As to matrix represen- 



tation of D* one should take in to account the so called anyonic Leibnitz rule 



D^fg) = (D^f)g + L q f(D^g) and the property that D* = -D ( L q -^ 
Thus we have that, 



/oooooo... \ 

1 ... 
10 



V 



/ {1} 
. {2} 



{N-l} 




/ {l}e w 

{2}e UJ ' 1 ^ 



D* = - 



\ 



\ ■ 



. . {N-lje^ 1 ^-^ 
. . . 



(42) 
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where {x} = , uj = e 2t7T ^ N . The matrix representation of higher powers 
of D^, D* and £ can easily been obtained. For a general p(x, £) we have the 
lower triangular form 



N-l oo N-l 

P (x, z,t) = j2Yl p»^ xj ®? = Y1 *) ® ^ 

/ pa(x,t) 

p (M) 
P2(x,t) Pi(x,t) po(x,t) . . 



. . pi{x,t) po(x,t) J 



(43) 



For stationary random walks and general iV-potent variables, we can now 
express eq. (|3"UD in matrix form, using eqs.(|4*2|,4*3"). The right hand side of 



eq.(pO|) becomes an operator valued upper band matrix 





H x 


c 2 Ai 


a 2 \\\2 






















H x 


C2A2 


a 2 A 2 A 3 






















H x 


C2A3 


OJ2A3A4 






















H x 


C2A4 






















H x 























C 2 Aat_ 


2 o^Aa^Aat-i 






















H x 


c 2AjV_l 

























H x 


where Aj 


= {i}e 




= !,••■ 


,N-1, 


H x = 


-ciA 


c + ol\D 2 x , while 



(44) 



left hand side p°°(x, £, t) is as in eq. (f43|) . The system of differential equations 
obtained from eqs.( f4l|f44|) , discribing the continue limit of stationary random 
walk in Q, can be derived and is given by 



dp k 
dt 



H x pk + C2\k+lPk+l + «2Afc + lAfe + 2Pfc+2 



(45) 
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for k=0,l,...,N-l .The generalization to the non stationary case is a straight- 
forward application of the above matrix representations and the relations in 
eq.(fnp and will not be dealt with explicitly here. Rather we shall give an 
explicit solution of eq.fl45|) for the case N = 2, where the above equation 
takes the form 



0_ 

Of 



Po(x,t) 
Pi(x,t) 



H x -c 2 
E T . 



Po 
Pi 



(46) 



which after integration gives the time evolution 



Po(x,t) 
Pi(x,t) 



(e- tH * + 



1 -tc 2 
1 



po{x,0) 



(47) 



If initially pi{x, 0) = fi(x) = ]T n>0 f iyn x n , i 



0, 1, then we obtain that 



p'i(x,t) 



e tHx pi(x 



0) = fi, n H n (x - tci, t«i), 



(48) 



n>0 



where the two variable generalized Hermite polynomial H n (x,y) = e y '^ I {x n ) 
has been used. These polynomials have the generating function e xt+yt = 
E„>o T3 H n(x,y), and the expansion H n (x,y) = nl^S r\(n-2ry. • In terest- 



r\{n-2r)\ ' 

ingly enough these polynomials can been generated by a pair of step operators 



a + H n (x,y) = H n+1 (x,y), a H n (x,y) = nH n ^ x {x,y). 



where a + , a~ satisfy the Heisenberg canonical commutation relation [a - , a + ] 
1 and admit the realization a + = x + 2xy-^, a~ = (see e.g . 0). 
Finally the solution of eq.(EBT) reads 



Po 


[x,t) ' 




. Pi 


[x,t) 





p' (x, t) +p o (x,0)- tc 2 pi {x, 0) 
p[{x,t) +pi(x,0) 
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6 Transition operators 



In this chapter we shall formulate Markov processes on the smash line algebra. 
The key point is to define the Markov transition operator : Q — > Q, where 
<p is as before a linear functional on Q, such that 



T = <g> id n )A n , e n oT^ = 4>, 4> * ip = e n oT^. (49) 

Last relation implies that the Markov transition operators T^, can be com- 
posed to form a semigroup with T^ =en = id n , as unit element, which is 
homomorphic to the convolution semigroup of functionals with unit element 
the counit map e n , and generator the functional <fi. In this active picture of 
random walk in terms of transition operators, to find the expectation values 
of the observables after n steps we employ the relation 

(f)<t>i*<t>2*...*<j> n = £q ° TfaTfa . . . T^ n (/), 

where in general the states are varying at each step. Let f(x,£) be any 
function smooth of x and £ . We shall look at stationary random walks 
first. Using eq.(|4"9"D with <p(f) = f pf , and probability density as p(x, £) = 
Pi(x) (g) p 2 (£), with pi(x), p 2 (£) as in eq. (|i~8|) , we obtain that after one step 



( VX** = P&*f( x + a, £ + 9) + (1 - pi)p 2 f(x -a,£ + 6) 

+ - P2)/ + a, £ - 0) + (1 - Pi)(l - p 2 )/(x - a, £ - 0) 
= [pie aD * ® id B + (1 - Pi)e~ aDx ® 

x p 2 id A ®e $ + {l-p 2 )id A ®e « /(z,0 (50) 

= (2^®T^)/(x,0, (51) 
while when p(x, £) = |[pi(a;) <8> + <8> p 2 (0]i we obtain 



(T /)(x, = Pif{x + a, + (1 - Pi)/(z - a, + 
p 2 /(x,£ + £) + (l-p 2 )/(x,£-#) 
= [pie aD * ® zcfe + (1 - Pi)e~ aDx ® 



+ 



p 2 id A ®e D ^ + (1 -p 2 )id A ®e eD € 



{T^®idB + id A ®T h )f{x,0- 



(52) 



(53) 



17 



The Markov transition operator in the continue limit can be obtained 
from eq.(|50|) with exactly the same procedure of Taylor expansion and the 
use of substitutions as in eg. (|24]) , this yields the operator 



T^ae = e (-citD x +a 1 tDl)®id B +id A ®(c 2 tD£+a 2 tD2) (54) 

We can also defined in the non stationary case where <ft depends on time 
(or equivalently, as we have already seen, when x, £ themselves evolve in 
time) and a straightfarward calculation using eq. ([Tj],f|^) , show that for the 
case of the real line merged with Grasmmann line i.e N = 2, 

T 0t = ® id a ) o A n = [ e - xt9 / 9a ® (1 - Xtd/dd)]^, (55) 

where T^ t=0 is as in eq. (|50|) . Taking the continue limit of the non stationary 
case, as we did in the case of , leads to 



rpoo ^(—c 1 +\)tD x <%id B +a 1 tD%®id B +id A ®(c2-X)tD* (56) 

Concluding this section we must point out that we can have a left and a right 
transition operators T£, T^, defined respectively by eq . (f49l) and = (id n ® 
0) o Aq, and so the above constructions have a left and right version. Also 
in the case where the functional is identified with the counit i.e = e n = J , 
the respective transition operators T£_ e ^ = T^_ s ^ = idn- and their dual 
probability density p^ =e = In, is trivial. 



7 Entanglement and statistical correlations 

We are now in a position to generalize the procedure of the previous sections 
to obtain diffusion equations when the choice of the density p(x, £) has the 
general form of a convex combination as: 



(57) 



i=l 



i=l 



^From relations (|13|) and (|T^) we have that 
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X>&®4 (58) 



i=i 



which in the case m = 1 and thus Ai = 1, p(x,£) reduces to the form of 
eq.(P^[) which has explicitly dealt with in the previous chapters. The choice 
m = 2 and thus Ai + A2 = 1, p(x,£) reduces to the form 



p n (x,C) = Api(x)<g)/ s + (l-A)/4®p 2 (0 (59) 
which implies that 

0n = A0 X ® £ B + (1 - X)e A ® 0£ (60) 

Making the choices pi (a:) = ^(a; — a*) + (1 — pl)5(x + a'), p 2 (0 = P2<K£ ~~ 
9 l ) + (1 — p 2 )<5(£ + the general choice of eq.(|57|) leads to the following 
Taylor expanded form of : 



'n = E + (1 - PiK^*) ® (p 2 e D « + (1 - p 2 )e^ D «)][U, f =o 

i=i 

i=i 

* (e n + ^ ® 2^(p 2 - 1/2)^ + ^ ® (0*)7[2] ff !Df + -)]r,=o^=o 



We now make the substitutions 



2a i (p\ - 1/2) = ^, 26\p\ - 1/2) = ^, 
n n 

(ar/2 = ?f, (6f/[2} g = ^, (61) 



which lead to 
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m 1 1 

iYl A ^ + -( c i tD * + a i tD l) ®£b + -£4 ® (4*-°e + «2*-°e) 



n n 



By implementing the limit \im n ^ OD (l + z/n+w/n 2 ) = e z , it is easily obtained 
that 



expt{^ A, [(4^ + ai^,) g, £b + e<A ^ ( c »^ + c4l>2)]} |;b=(U=0 . 



i=i 



(62) 



Defining the drift and diffusion terms as Lj^p = c\D x ® eg, = e A ® 

c l 2 D^, L^J = a\D 2 ® an d = e A <8> a^-D 2 > eq-(|B"2"D can be written as 



expt{£ A,(Ljf + Ljf + L%' + L d £% x „, n. (63) 



i=l 



The form of the transition operator in this general case is shown to be 



T£° = expt{^ Xi[{-c\D x + a{D 2 x ) ® z'd B + id A ® (c'D* + c^f )]}, (64) 
while the diffusion equation reads 



,00 



777 



9 ~§- = E M^IT + + + ^"W. (65) 



i=l 



where = c\D x ® ids-, L*g™ ft = id A ® 4-D|, = oi\D 2 x <g> ids-, and 

Lg 1 / = id A £g> a^f 2 • The above equation can be rewritten as 



c x D x <g> id B + ail£ ® id/3 + c 2 id A <g> D * + a 2 id A <g> D! 2 )p~ (66) 
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where 



m m m m 

ci = Xjc\, c 2 = XjC l 2 , an = ^ AjQ!i, a 2 = ^Ai«2- (67) 

i=l i=l i=l i=l 

For uncorrelated walks the density function is factorized i.e p(x,£) = 
Pi{x) <S> Pi{£,)-> an< i m that case we obtain the statistical moments 



Pki 



=<x k ®i l > 0n = J p{x,$)x k ®£ 

= J P i{x)x k ® P2 {oe = = ( 68 ) 

where 0<A;<oo, 0</<iV — 1 and p% = (f> x (x k ), pj = <p^ 1 )- For density 
functions of the form p(x, £) = Xpi(x) ® 7 B + (1 — X)I^ <E> P2(£) we have that 

p kl =< x k ® > 0n = y p(x, ® = X(f) x (x k ) + (1 - A)0^) 

= A/4 + (1 - A)/xf . (69) 
Finally, for classically correlated or seperable density functions 

m m 

i=i i=i 

we get 

m m 



i=i i=i 



We can now procceed to obtain a differential equation for the moments. 
By evaluating < x k ></,«>, < >0°° and t| < x k ® >4>°°, we obtain 
the equations 
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$>[ / (* fc ® e')(-4 r f + + L tf + <F)pn ] 
t=i ^ 

m 

^ AJci^x^t) + ajfe(fe - l)/x*- 2 ,i(*) (72) 



= cikn k _ hl (t) + aik{k - l)^ fc _ 2){ (t) + CaM^j-itt) + a 2 [Z] g [Z - l] 9 ^ fc)I _ 2 (t)], 

where in the above derivation integration by parts has also been used for the 
q- Jackson integral involving £s [fLO] , and Ci, oti, c 2 , a 2 , are given in eq.(|67| ). 



In particular this last formula can be cast in two interesting reduced forms 
when we consider only x-type diffussion or the £-type one. For the first case, 
if we introduce the colume vector of ^-statistical moments k = (fik)k>o where 
fik = /ifc o, and invoke the matrix representation of the canonical Heisenberg 
algebra generated by a, and / , where the number operator is N = a^a, 
we can express the dynamics of the moments by means of the relation 



d_ 
dt' 



K (t) = (day/ N + ctiaV iVaV N)k. 



Similarly for the £-type case we have that 

d_ 
dt' 



v = i.c 2 a q J[N q } q + a 2 a q J[N l 



hi <z 



(73) 



(74) 



where ci, a%, and c 2 , a 2 , are given in eq.(|67| ), and the column vector of the 
£- statistical moments v = (v)^Sq 1 = (^o,i)iJo l , is introduced. The following 



operators 
/ 











Wq 



o v^T] ( 





/ 
.10 



N q = ~ 






N-2 



\ 





N-l ) 
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together with the conjugate a q of a q , form a truncated ^-dimensional matrix 
representation of the so called g-canonical algebra for q = e l2n ^ N |7[ . 



Closing we point out that eq. (72 ) can also be cast in the following form 




dt 



/j, =(1jv <g> L x + L ? ® loo)/i 



where ljv is a iV x A/" unit matrix, 1^ is an infinite dimentional unit matrix, 
L x = cia^/N + aiay/Nay/N, and = c 2 a q ^/[N q ] q + «2 o g [ AT,] ? a g [AT,] q . 
Also /i is a column vector given in terms of the statistical moments of the 
two partial random walks viz. 



I 1 —[/%), MlO, A*20, ^01, Mil, ^21, ••• I HON-1, 



IT 



8 Conclusion 

In this paper we have used the machinery of Hopf algebras and the alge- 
braic braiding or smashing between algebras, in order to construct a non 
trivial extension of a ID random walk. In the continuous limit its diffusion 
equation has been constructed and a matrix representation of it has been 
obtained and solved for some spacial cases. Emphasis has been put on three 
aspects: firstly, the role of algebra braiding in connection with the type of 
non commutativity among the steps of the random walk, secondly, the role 
of entanglement (statistical correlations) among the density probability func- 
tions of the two partial random walks with variables x and £ and thirdly, the 
role of canonical and deformed Heisenberg algebra in the equations ruling 
the temporal evolution of the statistical moments of the 2D random walk. 
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